, but the converse is false in general. Moreover, (1) yields that at each x ∈ M such that T (x) = 0 there exists a unique covariant vector b (called the recurrence vector of T ) which satisfies
Analogously, if T (x) = 0, then (2) yields that there exists a unique covariant tensor of type (0, 2) (called the tensor of birecurrence) which satisfies (4) T i 1 ...i p j 1 ...j q ,lm (x) = a lm (x)T i 1 ...i p j 1 ...j q (x) .
A Riemannian manifold of dimension n > 2 is called Ricci-recurrent ( [11] ) (birecurrent [8] ) if its Ricci tensor is recurrent (if its curvature tensor is birecurrent). Following Adati and Miyazawa ([1]), an n-dimensional (n ≥ 4) Riemannian manifold (M, g) will be called conformally recurrent if its Weyl conformal curvature tensor
is recurrent. In [12] the metric form of conformally recurrent Ricci-recurrent manifolds has been obtained.
In [2] and [9] the concept of conformally birecurrent manifold was introduced. Those are Riemannian manifolds of dimension n ≥ 4 with birecurrent Weyl conformal curvature tensor. That class contains all birecurrent manifolds of dimension n ≥ 4 as well as conformally recurrent ones. The existence of essentially conformally birecurrent manifolds, i.e., conformally birecurrent manifolds satisfying C hijk,lm = 0 which are neither conformally recurrent nor birecurrent, was established in [3] , [7] , [5] for n = 4, n = 2p and n = 2p − 1 respectively. In all known examples the Ricci tensor is recurrent.
In this paper we shall deal with conformally birecurrent and Riccirecurrent manifolds M with both the Weyl conformal curvature tensor and the Ricci tensor nowhere vanishing. We shall prove that if dim M > 4, then in some neighbourhood of a generic point there exists a non-trivial null parallel vector field. Moreover, an algebraic form of the curvature tensor will be given. These are generalizations of some results of [12] . In the next paper ([6]) we shall consider conformally birecurrent manifolds admitting some vector fields. Among other things we shall prove that for n > 4, if around a generic point there exists a non-trivial null parallel vector field, then in some neighbourhood the Ricci tensor is recurrent. Throughout this paper all manifolds are assumed to be connected and smooth and their metrics are not assumed to be definite.
Preliminaries.
In the sequel we shall need the following lemmas.
Lemma 1. The Weyl conformal curvature tensor satisfies 
Lemma 3 ([10], Proposition 2). Let M be a Riemannian manifold of dimension n ≥ 4. Assume that R ij,[lm] = B lm R ij on a subset U with nowhere vanishing Ricci tensor , and C hijk,[lm] = A lm C hijk on a subset V with nowhere vanishing Weyl conformal curvature tensor. Then B lm = 0 on U and A lm = 0 on V .
We shall often assume the following hypothesis:
) is a conformally birecurrent Ricci-recurrent manifold of dimension n ≥ 4 with Weyl conformal curvature tensor and Ricci tensor both nowhere vanishing.
Under hypothesis (A), in view of (4) and (3) we have
As a consequence of (8), (9), (5) and Lemma 3, we get
R hijk,lm − R hijk,ml = 0 .
Hence, the tensors a lm and b lm defined by (8) and (9) are symmetric.
Lemma 4. Under hypothesis (A), the manifold M is birecurrent iff a lm = b lm everywhere on M . P r o o f. The "only if " part is obvious. On the other hand, by differentiating (5) twice and making use of (8) and (9) we get R ,l = b l R, R ,lm = b lm R and
This completes the proof.
By a direct calculation, in view of (5), (11), (13) and the Ricci identity, we find
which, by contraction with g mk and the use of Lemma 1, implies
Differentiating (17) covariantly and taking into account (9) and (17) we get
Differentiating (18), in virtue of (8), (9) and (18), we obtain (14) . Moreover, substituting (17) into (14), we have (a lm − b lm )R(Rg ij − nR ij ) = 0. Transvecting with R i k and applying (13) we easily obtain (15) . This completes the proof. (15) and (16) 
Permuting cyclically the indices n, j, k in (19) and adding the resulting equations to (19) we get (15), we obtain
and taking account of (19) we find (21) with i, n interchanged to (22) and using (19), we get our lemma. (15) and (16).
Assume that there exists
x ∈ M such that (B) a lm (x) − b lm (x) = 0 .
Lemma 9. Under assumptions (A) and (B) we have
in some neighbourhood of x.
P r o o f. Substituting (6) into (7) and applying Lemma 8 we have
Differentiating and making use of (8) and (9) we get
which, by transvection with C k pqt , yields
. Changing in (25) the indices (h, i, j) to (t, q, p) respectively we get
. Adding (25) to (27) and subtracting (26) we get
On the other hand, applying the Ricci identity, (10), (5) and Lemma 8, we have
Symmetrizing (28) in (h, i) and (l, j), substituting (29), then contracting the resulting equation with g hq (cf. [11] , Lemma 9) and applying Lemmas 5-8, we get Lemma 10. Let a jm , T pjih , b jm , W pjih be numbers satisfying
Then a jm T pkih = b jm W pkih . P r o o f. Symmetrizing (32) in (p, j) and using (31) we get
whence, by interchanging j and k,
Adding (32), (33), (34) and applying (31) we get the assertion.
Lemma 11. Under assumptions (A) and (B) the relations
, and
are satisfied in some neighbourhood of x. P r o o f. Differentiating (6), then using (8), (9) and Lemma 8 we get (35). Contracting (28) with g lp and making use of (35), Lemmas 7 and 8 we obtain (36). Finally, alternating (30) in (t, p), we have (37), which completes the proof. 
It is easy to see that if we put
then, in view of Lemma 8, the assumptions of Lemma 10 are satisfied. Thus we have
whence, alternating in (p, k) and (h, i), we get (39) a jm (R pr C r kih − R hr C r ikp ) = 0 . Applying this in (36), permuting cyclically the indices h, i, j and adding the three resulting equations we obtain
. Now, changing in (36) and (40) the indices (q, t, j, i, h) to (l, j, i, t, p) respectively and substituting the obtained expressions into the first and second rows of the right-hand side of (37) we get
On the other hand, applying the Ricci identity to (10) and transvecting with a h t , in virtue of (35) and (11), we find
Hence, by the use of (5), (35) and Lemma 8, we have
Since (41) and (38) 
whence, by covariant differentiation and the use of (8) and (9), we have
Comparing the last result with (38) we get R pr C r kih = 0 at x. This completes the proof.
Lemma 13. Under hypotheses (A) and (B) suppose that R ri C r jkl = 0. Then
on some open U .
In view of the assumptions, (36) and (37) can be rewritten as
Changing in (44) the indices (i, j, h, q, t) to (t, i, p, j, l) respectively and applying the obtained expression to the last two terms in (45) we get
Alternating (46) in (t, p) and (j, l) we have
Applying (44) to the first pair of terms in the (second) brackets we find that the bracketed expression vanishes and, consequently,
Moreover, commuting in (47) i into j and l, j, i into j, i, l respectively, we obtain
Finally, commuting in (44) the indices (j, q, h, i) into (i, p, j, l), we get
Substituting (48) into (46) and taking into account equation (49) we obtain
whence (42) follows. On the other hand, transvecting (29) with a h p and making use of (35) and (42), we find
which, in virtue of Lemma 10, implies (43).
Now we assume the following hypothesis:
) is a conformally birecurrent and Ricci recurrent manifold of dimension n > 4 with Weyl conformal curvature tensor and Ricci tensor both nowhere vanishing. Moreover, there is x ∈ M such that Since b km (y) = 0, one can choose at y a vector t k such that b kp t k t p = e, |e| = 1. Transvecting (53) with t k t m we get
Applying this to (43) gives (51) at y. This completes the proof. 3. Main results. We are now in a position to prove Theorem 1. Suppose that under hypothesis (C) the inequalities R ij,l (x) = 0 and R ij,lm (x) = 0 hold. Then rank R ij = 1 and in some neighbourhood of x there exists a non-trivial null parallel vector field. P r o o f. Suppose a lm (x) = 0. Then, by (35), we have (53) at x, which implies rank R ij (x) = 1. Thus assume that a lm (x) = 0. Then, by Lemma 15, we have (55) in some neighbourhood of x. Substituting (55) into (43) we easily obtain rank R ij (x) = 1. Because of the recurrence of the Ricci tensor its rank must be constant on M . But it was proved by Roter (cf. [12] , Proposition 1) that if a manifold admits a (0, 2) symmetric recurrent tensor of rank 1 and the recurrence vector is locally a gradient, then M admits locally a parallel vector field. Together with (11), (54), (9) and (15), this completes the proof. R e m a r k. The null parallel vector field we look for is of the form
Corollary. Under the assumptions of Theorem 1 the scalar curvature of M vanishes.
Lemma 16. Suppose that under hypothesis (C) the inequalities a lm (x) = 0, R ij,l (x) = 0, R ij,lm (x) = 0 hold. Then
in some neighbourhood of x. P r o o f. Applying (56) and (42) to (28) we obtain 
